Abstract. Ikegami and Saeki have proved that the cobordism group of Morse functions on orientable surfaces is an infinite cyclic group. Their method is applicable with a little modification to the computation of the cobordism group on nonoriented surfaces.
Introduction
Ikegami and Saeki [1] initiated the study of the oriented cobordism group of Morse functions on oriented surfaces. They have transformed the problem of Morse functions and their cobordisms into a problem of maps from graphs to R and maps from 2-dimensional polyhedra to R 2 . This transformation is realized using the Stein factorization: the Stein factorization of the cobordism of Morse functions provides a cobordism in an abstract sense between the Stein factorizations of Morse functions -the Reeb functions. The computation of the oriented cobordism group of Morse functions on oriented surfaces [1] involves two steps: 1) computing the abstract cobordism group of abstract Reeb functions, which are maps of graphs to R like the Reeb functions, and a cobordism between them is a map from a compact 2-dimensional polyhedron to R × [0, 1] like the Stein factorization of a map F : M 3 → R 2 2) showing that the abstract group is isomorphic to the cobordism group of Morse functions.
This method gives the possibility to solve the problem in a pure combinatorial context. Thanks to András Stipsicz and András Szűcs for the help and encouragement.
The Stein factorizations of maps of 3-manifolds into R 2 are completely described in [2] . From these, [1] gives an alternative definition of the abstract cobordism of Reeb functions, which is more algorithmic: if we change a function on a graph with finitely many iteration of simple moves, we get a function cobordant to the original function in the abstract sense. By this observation [1] gives representatives of the elements of the abstract cobordism group, and proves that it is isomorphic to Z. In step 2) we realize an abstract cobordism between Reeb functions of two Morse functions as the Stein factorization of a fold map of an oriented 3-manifold. This paper follows the same line of arguments to the computation of the cobordism group on nonoriented surfaces 1 , but we have to extend the method of [1] at two points: in step 1), when we want to compute the abstract cobordism group, we have to consider functions coming from the Stein factorizations of nonoriented surfaces or nonoriented 3-manifolds.
[2] describes these maps completely. With these new cases, we get an equivalent algorithmic definition of abstract cobordism, which differs from [1] only in some new moves on a few new types of Reeb graphs. It turns out, that the method of the computation of the abstract cobordism group given in [1] is applicable in our case too: we give a set of representatives of elements of this group, and using the algorithm of [1] we get that the group is Z ⊕ Z 2 .
Step 2) also needs some modifications. From one hand this step becomes simpler since we are allowed to use non-orientable 3-manifolds for the realization of abstract cobordisms between Reeb functions. On the other hand this step becomes more complicated, since the method used in [1] can not be applied here. 
Preliminaries
This clearly makes an equivalence relation, and the equivalence classes with the disjoint union form a group, which we denote in the case of surfaces by Cob f (2, −1).
The aim of this paper is to prove
We use the Stein factorization of a map f : M → N , that is a mapf : W f → N , where
The author had been informed when this paper was written already, that Ikegami had computed the analogous groups in each dimension. His method is quite different and more sophisticated then our approach. and x ∼ y iff f (x) = f (y) and x, y belong to the same component of the fiber f −1 (f (x)), the mapf is defined by the equality f =f • q f , where q f : M → W f is the quotient map.
In the case of a Morse function f : M → R the graph W f and the functionf : W f → R are called the Reeb graph and the Reeb function of the Morse function f . We can suppose that the Morse function f is in general position, that is, every fiber contains at most one critical point.
Abstract cobordism
One can see that the Reeb function of a Morse function f : F → R on a surface F in a neighbourhood of the q f -image of a critical point is equivalent to one of the cases of Figure 1 . In case (a) f has a local minimum, and a local maximum, in case (b) f has a critical point of index 1 with signs +1 and −1, and case (c) can be occured on a nonorientable surface only, this is also a critical point of index 1. We can also suppose, that the Reeb function restricted to an edge of the Reeb graph is an embedding.
By [2] the Stein factorizationF : W F → R 2 of a smooth map F : M → R 2 with only fold singularities from a 3-manifold M in a neighbourhood of the q F image of a singular point is equivalent to one of the cases of Figure 2 . , 1] , where G 1 is corresponds to G 1 × {0}, and G 2 is corresponds to G 2 × {1},
iii) in a neighbourhood of every point of P the map R and the polyhedron P are equivalent with one of the cases of Figure 2 .
Let us denote the cobordism group of abstract Reeb functions by A.
Proof. From facts explained in [1] the abstract Reeb functions r 1 : G 1 → R and r 2 : G 2 → R are cobordant if and only if we can deform r 1 to r 2 using finitely many iterations of the moves of Figure 3 .
In Figure 3 every move except (a) and (d) corresponds to a case in Figure 2 , when we pass through a singular point (details in [1] ). More precisely (b) and (c) in Figure 3 correspond to (c) in Figure 2 ,
(f) and (g) to (e), (h) to (h), (i) to (f), (j) and (k) to (i).
By [1] we can transform every Reeb function whose Reeb graph has no vertices of degree 2, using the first seven moves of Figure 3 into one of the Reeb functions of Figure 4 . Then σ(r) depends only on the class of r since the moves of Figure 3 do not change these values. So σ defines a map of the set of cobordism classes, which is clearly a homomorphism, and by the lemma it is an isomorphism.
Cobordism
If we have a cobordism F : X → R × Proof. φ is clearly surjective. For the injectivity let R : P → R × [0, 1] be a cobordism between two abstract Reeb functions r 1 : G 1 → R and r 2 : G 2 → R, and suppose that r 1 and r 2 correspond to the Morse functions f 1 and f 2 on F 1 and F 2 respectively. Starting in the same way as [1] , we partition the polyhedron P :
where N (Q) denotes the regular neighbourhood of Q = G 1 ∪ G 2 , N (V ) is the neighborhood of the non-simple vertices of P (see [1] ). LetÑ (Σ) be the regular neighbourhood of the singular set of P . Then N (Σ) is the closure ofÑ(Σ) \ (N (Q) ∪ N (V )). Let T be the rest of P . By the method in [1, 2] we can construct a 3-dimensional manifold X with boundary and a map F :
, where S is a 2-dimensional manifold fibered over ∂T : let X be
, then over N (V ) and N (Σ) let it be like in [1] .
It is not clear whether we can extend X and F over T like in [1] since now S can be non-orientable. From [2] T is an orientable surface with boundary and R is its immersion to R 2 . Over ∂T we have an S 1 bundle (= S ).
Summarizing in an informal language we have constructed a 3-manifold Y 3 with boundary S and its fold map into R × [0, 1] whose Stein factorization gives a neighbourhood of the 1-skeleton of the abstract Reeb cobordism W . It remained to extend this construction over the 2-cells of W . This was easy in the oriented case considered in [1] , since S was a trivial circle bundle over the boundary of each 2-cell in W . In the present case S may contain nonorientable circle budles. Such a nonorientable circle bundle is fibration of the Klein bottle over S 1 . This fibration can be extended to a fold map of the unoriented handle-body
(the boundary S 1 × Z 2 S 1 goes to S 1 × {1} by the previous fibration, and the zero section goes onto S 1 × {0}, these will be the singular points). Attaching such a handle-body or its oriented version to each boundary component of Y we obtain a closed manifold and its fold map to R × [0, 1] giving a cobordism between the two Morse functions corresponding to the Reeb functions r 1 and r 2 . So ∂T is a closed 1-manifold. Let ∂T × [0, 1] be a small regular neighbourhood of ∂T in P \ T so that ∂T ≡ ∂T × {0}. Over ∂T × [0, 1] we have an S 1 bundle with total space E , and on E we have a submersion denoted by F . Now
and
are S 1 -bundle maps, where in is the natural inclusion, pr is the natural projection, and let D → ∂T × {1} be a D 2 -bundle whose boundary is S .
Let us define the maps p and q in the diagram
so that for every 0 < t < 1 the diagram
is a bundle isomorphism (see Figure 6 ), where S(t) denotes the S 1 subbundle of D with radius t, and this diagram commutes for t = 0 (but in this case it is not a bundle map, see Figure 7 ). So p(x, t) = (x, 1), q((x, t), z) = ((x, 1), t 2 z) ((x, t) ∈ ∂T × [0, 1], z ∈ {z ∈ C : |z| = 1}), where ((x, t), z) are the local coordinates of the bundle E and D .
Since on E we already have the map F , there exists a map G so that 
T T x x{0}
T T x x{1} T= t > 0 Figure 6 . Definition of the map q (t > 0).
commutes. Then G is a submersion outside of S(0), and it has a definit singularity on S(0). Now in the 3-manifold X we cut out E over ∂T × {1} and paste D over there. As a result we get a desired cobordism.
Remark 4.3. We can see that the two generators of the cobordism group of the abstract Reeb functions are the two functions given by Figure 8 . We can realize case (a) with an S 2 embedded in R 3 (see in [1] ), and case (b) with an RP 2 with a Morse function which has three critical points: one of index 0, one of index 1, and one of index 2. 
